The paper summarises damage tolerance investigations on railway rails which the authors have carried out in the context of the German-French joint project NOVUM (Novel methods for quantitative prediction of rail performance at increased service loads) [1]. The investigations include the determination of the crack driving force as a function of the various loading components a rail is subjected to and the simulation of residual lifetime. Features such as the local load input at the rail-wheel interface, dynamic effects and statistical aspects of crack resistance are explicitly taken into account.
INTRODUCTION
The avoidance of rail failure is a primary goal of track safety. Although, in reality, not many broken rails cause derailment there are a few cases of extremely severe consequences. An example was the Hatfield accident in October 2000 where four people died and a further 70 were injured [2] . As has been shown for Britain [3] , whilst failures of railway wheels and axles have been reduced by a factor of 20 over the last hundred years, the number of rail failures per train kilometre has even increased. The main reasons are heavier axle loads and thermal stresses at low ambient temperatures in continuously welded tracks. Although a lot of effort has been spent on the problem of rail failure over the last decades ([4] see also [5, 6] ) it remains a rather difficult one. This paper addresses one aspect of the failure scenario: the final stage of fatigue crack extension and its termination by brittle fracture.
LOADING AND FATIGE CRACK PROPAGATION -GENERAL ASPECTS
Railway rails are subjected to highly complex loading conditions (Fig. 1 , for a more detailed discussion see [4] ). The various loading components are:
(a) Thermal stresses
Thermal stresses occur in continuously welded rails at ambient temperatures different to the temperature at track installation -the "rail neutral temperature". At higher ambient temperatures at hot summer days the rail is compression loaded. Because it is prevented from thermally expanding in the axial direction there is the danger of lateral buckling which, if large enough, may cause derailment. In contrast, at temperatures lower than the neutral temperature tensile thermal stresses are built up which reach their maximum at cold winter nights.
(b) Residual stresses
Residual stresses are introduced by heat treatment and roller straightening during the manufacturing process. The residual stress field is characterised by axial tensile stresses in the head and foot of the rail counterbalanced by compression in the web. Since the residual stress state at, and some millimetres below, the running surface will be modified in service due to the wheel-rail contact the peak residual tensile stress is shifted to the centre of the rail head whereas the contact area is subjected to compressive residual stresses. Another source of residual stresses is butt welding which, however, shows a different pattern.
(c) Stresses due to axle loading
Typical axle loads are in the range of 21 to 25 tons but can be up to 37 tons for example in iron-ore trains [5] . Axle loads generate bending and shear stresses in the rail which might be significantly increased by dynamic effects. Note that the magnification is strongly affected by shape irregularities of the rails as well as of the wheels but also by variations in the track foundation. Besides the dominating vertical bending loading, lateral bending also occurs.
(d) Wheel-rail contact stresses
Because the contact stresses are extremely high, they almost exclusively control the early damage process at the running surface including crack nucleation and early crack growth (rolling contact fatigue). These stresses are caused by the dynamic axle loads but also by forces in the wheel-rail contact area due to traction, braking or steering. Contact stresses decline rapidly in the depth direction. This complex loading state has far-reaching consequences for the nucleation and propagation of potential fatigue cracks. Two of them are addressed in the following:
(a) As outlined in [4] , once a fatigue crack has been nucleated its extension can roughly be subdivided into two stages (Figure 2 ). At Stage 1 the crack grows at a shallow angle of 10 to o 40 to the running surface. Its propagation is predominantly controlled by the contact stress field. After it has reached a certain length and -in conjunction with this -a certain depth usually larger then 5 mm [7] the crack changes its propagation direction either upwards to the running surface or downwards to the web. In the first case the consequence is surface spalling, in the second it is transverse crack growth up to rail breakage. The Stage 2 crack propagation angle with respect to the running surface is 60 to o 80 or more for tracks operated in one direction. It is controlled by the bulk stresses. (b) Rail cracks are out-of-phase mixed mode loaded with mode II being the dominant component such as illustrated for a point at the front of an angular semi-elliptical surface crack in Figure 3 [8]. When the vehicle wheel approaches the crack site the point under consideration is loaded by a moderate mode I cycle due to rail bending. It then follows a much higher mode II cycle and -only slightly out-of-phase to this -a mode III cycle when the wheel passes over the crack. Note that the crack propagation rate as well as the size at which the crack deviates from the Stage 1 to the Stage 2 plane is influenced by the presence of lubricant, usually water. [9] . 
DAMAGE TOLERANCE INVESTIGATIONS

Assumptions for Fatigue Crack Propagation
The present study concentrates on Stage 2 crack propagation, i.e., the crack propagation after the crack deviated in transverse direction. It is well known that this stage is much shorter in time than Stage 1. However, in contrast to real conditions, an initial depth of only 1 or 2 mm was assumed for the Stage 2 crack (Figure 4 ) in the following. The idea behind this assumption is that it would allow a conservative estimate of the complete (Stages 1 + 2) crack propagation. The likelihood of detection of such small initial crack sizes during nondestructive inspection is realistic when eddy current techniques are applied rather than ultrasonics [10] . Note that the initial crack size assumed in a damage tolerance analysis has to be equal or larger than the detection limit of the applied inspection method under service conditions.
The rail head was assumed to be uniformly worn by 10 mm such as shown in Figure 5 . 
Loading
The loading of the rail due to the train was simulated as a multi-body system including vehicle and track and was calibrated by in-field measured data. In addition to the vertical and lateral forces also the vertical displacements of the sleepers were determined. The vertical load including its time-dependent dynamic magnification during the pass-over of a high-speed train is illustrated in Figure 6 . 
Crack Driving Force
Stress intensity factors were determined by finite element analyses for the fifteen crack configurations shown in Figure 7 . For each of these cracks K I , K II and K III factor solutions were provided for the deepest (A) and the most extended horizontal points (B,C), for thermal and residual stresses and for axle loading. The results are summarised as tables in the Appendix. Neutron scatter residual stress profiles were provided by Corus Rail, Hayange [11] . The axial residual stress component is shown in Figure 8 . Since the measurements were based on horizontal and vertical slices of 10 mm thickness and covered only the rail head area and the vertical centre line from head to foot preliminary processing of the field data was necessary before their use in the analyses. The available data were added by measuring points of another rail at further positions [12] . Finally the data were slightly modified such that the resulting residual stress field was adjusted to make it self-equilibriating after the first iteration step, in order not to cause the bending of the rail. However, the axial residual stress component was kept almost identical to the originally measured data. Note that the resulting residual stress field, therefore, is an estimate but, in the authors' opinion not far from reality. In the future finite element process simulations (see e.g. [13] ) should provide enhanced information. The specification of K factor solutions for axle loading was faced with a two major problems:
(a) Due to the dynamic effects during pass-over no unique correlation exists between the vertical loads and the K factor components. In order to avoid the effort of a fully dynamic analysis the determination of the K factors was based on the vertical loads and the corresponding average vertical displacement of the sleeper such as shown in Figure 9 . (b) The second problem is caused by the fact that the local load input occurs next to the crack position. Therefore, varying cross-over paths from wheel to wheel, e.g. due the common side motion of the bogie, is expected to be significant for the crack driving force at different positions of the crack front. In order to model this, K factor solutions were obtained for four different roll-over paths ( Figure 10 ) which where than statistically mixed in the final fatigue crack growth analyses. For a realistic simulation the contact between wheel and rail was modelled using a simplified wheel geometry instead of a point load ( Figure 11 ). Any fatigue crack extension analysis requires the determination of equivalent mixed mode stress intensity factor solutions K v for the various loading components. The equivalent K factor range ΔK v can easily be obtained by
[14] for proportional loading, i.e., the loading components occur simultaneously. However, this assumption is wrong as already shown in Figure 3 where the loading components are outof-phase. That means that the maximum and minimum K factors K max and K min due to the individual loading components will occur at different times or vehicle positions with respect to the crack site. Therefore, in order to identify K max and K min , additional sets of finite element analyses referring to different wheel positions had to be carried out such as illustrated in Figure 12 . Note that the mode-I-K factors were corrected for crack closure using the NASGRO approach [15] . 
Material Data
The information on the material needed for a damage tolerance analysis of a rail comprises fracture toughness and fatigue crack extension characteristics. In cases where significant ligament yielding is expected also the deformation behaviour of the material has to be available. This was, however, not necessary for the present analyses.
The fracture toughness data were determined for two temperatures and for vertical and horizontal crack orientations with respect to the rail head. The material, a R260 (former 900A) rail steel, showed pronounced pop-in behaviour because of which the toughness had to be defined by the first pop-in event in each test. The scatter in toughness was taken into account by statistical processing based on the VTT-Master Curve concept [16] (Figure 13 ). For more detailed information on this issue see [17] . With respect to fatigue crack extension out-of-phase mixed mode loading is expected to play a significant role. Therefore, the present analyses used an experimental mode I/mode II da/dN-ΔK v curve of a rail steel provided in [18] as a first estimate: 
with da/dN in mm/cycle and ΔK v in MPa m 1/2 (load ratio R = K min /K max = 0.5).
Figure 13:
Scatter of fracture toughness for vertical and horizontal crack location in the rail head (a) and its statistical processing using the Master Curve concept (b). The data refer to 1T specimens, i.e., a crack front length of c. 25 mm.
The Effect of the Local Load Input
In order to examine the effect of the bogie's side motion on the fatigue crack extension dependent on the state of wear of both the rail and the wheels four rail-wheel combinations (rail and wheel new, rail and wheel worn, alternating only rail or wheel worn) were investigated ( Figure 14 ). These where modelled by mixing the four roll-over paths for which K factors had been generated on a statistical basis such as summarised in Table 1 . Note that the maximum frequency of roll-over events does not occur at the centre of the rail head but at a distance of 5 to 10 mm towards the inner side in new rails ( Figure 14 b and d) . Since any rail starts as a new one crack nucleation is to be expected at this site and that is what happens in a real track and has been modelled in the present paper (cf. Figure 5 ). When the rail, after a certain time in service, is worn the roll-over pattern changes ( Figure 14 a and c) shifting the maximum frequency of roll-over events to the centre line of the rail head.
That this effect is significant for the damage tolerance behaviour of rails is illustrated by the results of Figure 15 . As can be seen the rail-wheel combinations (2) and (4) (new rails) tend to the shortest residual lifetimes. The differences to combinations (1) and (3) are predominantly due to the early crack extension whilst the growth of the larger crack is of minor effect. Note, however, that reality is even more complicated. Wearing is allowed up to a certain measure, e.g. 20 mm at Deutsche Bahn (DB). In the present investigation 10 mm were assumed, however uniformly distributed over rail width (cf. Figure 5 ) as it could be the case after reprofiling. The shift of the contact area towards the rail head centre is, however, the consequence of non-uniform wear such as illustrated in Figure 16 . Therefore, the present results are approximate estimates because of which the abscissa in Figure 15 is given qualitatively for relative statements only. Table 1 : Probability of occurrence of the four roll-over paths for which K factor solutions have been provided (Appendix) for the rail-wheel combinations of Figure 14 .
Roll-over path y Rail-wheel combination (R = rail; Wh = wheel; N = new; W = worn [19] ).
The different patterns of fatigue crack extension for the four rail-wheel combinations are also illustrated in Figure 17 which shows the development of fatigue crack geometries. As can be seen these tend to a constant value of about a/c = 0.7 after a certain growth. The significant difference in residual lifetime between combinations (1) and (4) is due to the fact that the crack growth towards the centre or the rail head in case (1) but towards its lower corner in case (4).
Figure 17:
Crack shape development depending on the rail-wheel combination.
Effects of Seasonal Ambient Temperatures on fatigue crack extension and fracture
The results in Figure 15 were obtained for a constant ambient temperature of -10 o C. In reality the ambient temperature changes from day to day as well as during each day. This has to be taken into account for realistic analyses. As mentioned in Section 2 (a) the rail is subjected to tensile thermal stresses at temperatures lower than the rail neutral temperature. What controls the magnitude of these stresses is not the absolute temperature but the temperature difference to the neutral temperature. In addition there is a slight (absolute) temperature effect on fracture toughness as shown in Figure 13 . This is, however, of minor importance compared to the temperature dependent variation of the applied K factor.
Note that, with respect to the effect of the ambient temperature, it has to be distinguished between fatigue crack extension and fracture. Whilst the fatigue crack growth is a cumulative process and should therefore be based on average temperatures, e.g. on a daily basis, the fracture event will be controlled by the minimum temperature peaks.
The following examples use ambient temperatures measured 2 metres above the ground at the meteorological station at Kempten (German alpine upland) in 2005 [20] . Two analyses were carried out. For the first one an inspection was assumed in the middle of November, for the second one in the middle of April. It was further assumed that the maximum undetected crack depth was 1 mm in both cases. This was then taken as the depth of a semi-circular initial crack. As rail-wheel combination the case "worn rail-worn wheel" ( Figure 14 c; Table 1 : R/W ↔ Wh/W) was chosen.
The simulation of fatigue crack extension was based on the average daily temperatures whereas the maximum K factors K max (as the parameters controlling fracture) were determined for the minimum peak temperatures over the same time spans. These are then compared to percentile fracture toughness values for -30 o C ( Figure 13 ) in order to conservatively determine fracture probabilities. The overall time span investigated comprises one year. All results are summarised in Figure 18 . Example 1 (Figure 18 left side): An initial crack depth of 1 mm is assumed to exist at the middle of November. The fatigue extension rate of this crack increases significantly at the beginning of the winter time when it becomes colder and decreases, however less pronounced, when it becomes warmer again in spring time. Compared to the crack propagation rate the maximum K factor responds much more sensitively to temperature variations but also to the increasing crack size. At the end of the winter time the failure probability (probability that K max ≥ the crack resistance or fracture toughness) reaches a maximum of c. 20%. If the damaged rail survives this time -which will happen with a probability of 80% in the example -the fracture probability decreases reaching a maximum of no more than c. 10% at some colder spring nights until it increases again at late autumn.
Example 2 (Figure 18 right side) : This time the existence of a 1 mm deep initial crack is assumed at the middle of April. Crack extension is predicted to accelerate slightly at early autumn and again at early winter time. Whereas it took no more than about 4 months up to a fracture probability greater 10% in Example 1 it takes about twice as long this time because of the higher temperatures from late spring to autumn. However, at the beginning of the winter time the failure probability increases rapidly reaching almost 100% at its end.
The result illustrates what is known from practical experience. Most rail fractures occur during the first cold nights which in Middle Europe usually occur in December or January (Figure 19 ). Fatigue damaged rails which survive these nights have a good chance also to survive the rest of the winter time.
Figure 19: Fracture statistics of rails between autumn 1976 and spring 1977 (former East
German rail system, according to [21] ).
Summary and Conclusions
Methodological investigations on the damage tolerance behaviour of railway rails have been presented which were based on what the authors designated as stage 2 fatigue crack propagation, however, modified for small initial cracks. Due to this and further simplifying assumptions the results should be regarded as first estimates used for identifying trends and the effects of factors such as the local load input and seasonal ambient temperature on fatigue crack propagation and residual lifetime. Nevertheless they were in an order which would allow for a realistic inspection scenario.
In more detail it was found that the fatigue crack propagation rate is affected by the wearing state of the rail as long as the crack is relatively small. Worn rails were of benefit, i.e., they yielded higher residual lifetimes due to the fact that the contact area was shifted to the centre line of the rail head whereas the initial cracks were assumed to be located away from that position. The initial crack pattern is known from in-service practice and can be explained by the fact that the highest frequency of roll-over paths occurs 5 to 10 mm away from the centre line in new rails in straight or slightly curved tracks. Note, however, that the reduction of the rail head height due to wear reduces the residual lifetime irrespective of fatigue. Despite from the model simplifications it was shown that the varying local load input due to the bogie's side motion is of major importance and should not be ignored in a damage tolerance analysis.
Another effect studied was that of ambient temperature. The larger the difference between the rail neutral temperature from track installation and the operation temperature the higher the thermal stresses built-up in continuously welded rails. At temperatures lower than the neutral temperature these are tensile stresses. In cold wintertime these are highly significant for fatigue crack propagation. The effect of inspections in autumn and spring time on the probable failure time of the rail has been demonstrated by two simulations. As a consequence, in terms of damage tolerance, an inspection in late autumn is much more important than an inspection after the wintertime, at least for the climatic conditions of Middle Europe chosen for the study. Whereas the ambient temperature had a significant but still moderate effect on the fatigue crack extension, it strongly affected the maximum K factor, and as a consequence, the fracture probability of the rail during cold winter nights.
As mentioned the results should be regarded as first estimates. More accurate and more complete investigations should also include mixed transport -in the present paper only high speed trains of the German ICE type were considered. They also should include the effect of different track foundation conditions, ambient temperature sequences at different locations, further wearing states of the rail etc. Table A1 : K factor solutions for thermal stress loading: Table A3 : K factor solutions for axle loading (Roll-over path 1: y = -1 mm; max. load in loading cycle); K I L1 = ( ) 
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Appendix: K Factor Solutions
K I T = ( ) T I 0 Y T T ⋅ Δ Δ ; K II T = ( ) T II 0 Y T T ⋅ Δ Δ ; K III T = ( ) T III 0 Y T T ⋅L1 I 0 Y F F ⋅ ; K II L1 = ( ) L1 II 0 Y F F ⋅ ; K III L1 = ( ) L1 III 0 Y F F ⋅ ; K I L1 ,
